The nonlinear free oscillations of a straight planar Timoshenko beam are investigated analytically by means of the asymptotic development method. Attention is focused for the first time, to the best of our knowledge, on the nonlinear coupling between the axial and the transversal oscillations of the beam, which are decoupled in the linear regime. The existence of coupled and uncoupled motion is discussed. Furthermore, the softening versus hardening nature of the backbone curves is investigated in depth. The results are summarized by means of behaviour charts that illustrate the different possible classes of motion in the parameter space. New, and partially unexpected, phenomena, such as the changing of the nonlinear behaviour from softening to hardening by adding/removing the axial vibrations, are highlighted.
Introduction
This paper continues the investigations reported in [1] [2] [3] where the nonlinear free transverse oscillations of a planar Timoshenko beam have been investigated for different boundary conditions in the axial direction. The motivation behind this research is the observation, well documented in the literature, that axially restrained beams exhibit hardening behaviour of the backbone curve, while axially free beams have softening behaviour. The above difference is a peculiarity of the nonlinear regime, because the linear frequencies (for the transverse oscillations) are unaffected by the axial restraint when the beam is initially straight. Thus, it is a 'signature' of the nonlinear behaviour of the beam.
The hardening versus softening dichotomy was reported, seemingly for the first time, to the best of our knowledge, by Atluri [4] . Later, Luongo et al. [5] addressed the same problem by the Galerkin method, treating the two cases with different hypotheses: neglecting the axial inertia for the axially restrained (immovable) end, and assuming inextensibility of the beam axis for the axially free (movable) end. Crespo da Silva [6] proposed a general model and showed that the stretching effect is dominant for axially restrained beams.
The same problem was addressed by Lacarbonara & Yabuno [7] , who considered the beam as a one-dimensional continuum, and applied the multiple-scale method directly to the governing partial differential equations (PDEs). They confirmed the results previously obtained using reduced-order models, and also provided an experimental verification of the phenomenon. A more detailed literature survey can be found in [2] .
Previous works considered slender beams, and perfectly restrained versus perfectly unrestrained boundary conditions. These limitations were removed in [1] [2] [3] by also dealing with thick (or stubby) beams (see also [8, 9] ). Consistently, these previous studies have considered the Timoshenko beam model, taking into account shear deformation and rotational inertia. In order to comprehensively revisit the problem, axial deformation and axial inertia were also included. In addition, in earlier studies, an axial spring was added at one end, simulating the effect of an elastic constraint with stiffness κ. The limit cases of axially free and axially constrained boundary conditions have been obtained for κ = 0 and κ → ∞, respectively.
In [1] , the model was developed, and an approximate analytical solution was obtained by means of the asymptotic Poincaré-Lindstedt method [10] . The expressions of the nonlinear correction coefficient ω 2 were obtained; in particular, the function ω 2 (κ) was determined. In [2] , a detailed investigation of the effects of slenderness, end spring stiffness, axial and rotational inertia, and of the shear stiffness is reported. Finally, in [3] , the analytical results are compared with finite element method (FEM) numerical simulations.
The previous findings are important not only from a theoretical point of view, but also from a practical point of view. In fact, beams in modern applications may often undergo nonlinear oscillations, and are thus expected to face the previous dichotomy. Furthermore, inverting the function ω 2 (κ) may allow us to determine the actual stiffness of the constraint (which is commonly not well known in real cases) simply by calculating the bending of the backbone curve starting from the measured free oscillations; this is an inverse, or identification, problem.
In [1] [2] [3] , the assumption that to first order the axial oscillation can be neglected with respect to the transversal one is done. This is common in the literature [11] , and is based on the observation that for slender beams axial natural frequencies are larger than transversal natural frequencies.
For thick beams, however, the gap between axial and transversal frequencies reduces, and they become comparable. Furthermore, even for slender beams, the frequencies of higher-order transversal modes can be close to those of axial modes. This calls for an investigation of the nonlinear coupling between axial and bending oscillations, which is the objective of this paper. In a different situation, e.g. transverse motion and forced instead of free oscillations, coupling between different modes has been investigated theoretically and experimentally in [12] [13] [14] , where some interesting results, supportive of the current work, can be found.
The same model and the same asymptotic Poincaré-Lindstedt method of [1] [2] [3] are used here. The main difference is that, to first order, we do not disregard the axial oscillations and look for their nonlinear coupling with the transversal oscillations.
This development is clearly very important from both a theoretical and practical point of view, because it permits a deeper understanding of the system nonlinear dynamics as well as an improvement in the identification of above-mentioned process. It is also challenging from a mathematical point of view, as the problem becomes much more involved to second and third orders. Thus, while keeping the same mechanical properties (rotational inertia, etc.), in this paper, we focus only on the effects of the slenderness and of the spring stiffness. The paper is organized as follows. The model developed in [1] is summarized in §2. The asymptotic development method is applied in §3, where the solutions to the different orders are obtained in the general case. The key part, i.e. the study of the axial-transversal coupling, is the subject of §3d. Then, specific boundary conditions in the transversal direction are considered in §4, permitting specialization of the general solutions obtained so far. The results are illustrated in §5, where the existence of coupled and uncoupled solutions is investigated for variable combinations of transversal and axial modes, and the nonlinear character (softening versus hardening) is discussed; the results are also illustrated by means of behaviour charts ( §5e,f). The paper ends with some conclusions ( §6).
The model
Let us consider an initially straight, planar, linearly elastic Timoshenko beam, and let us denote by W(Z, T), U(Z, T) and θ (Z, T) the axial and the transversal displacements of the beam axis and the rotation of the cross section, respectively. Z is the spatial coordinate in the rest rectilinear configuration, which ranges from 0 to the length L. T is the time.
Based on the kinematics, balance and constitutive behaviour of the beam element, the following exact axial, transversal and rotational equations of motion have been obtained in [1] :
where, according to the Poincaré-Lindstedt method [10] to be used later, the time is rescaled as t = ωT (see [1] for further details). Dot means a derivative with respect to t and prime means a derivative with respect to Z. There are no loads and damping, because we are interested in free undamped oscillations. It is worth noting that periodic excitations and damping can be taken into account by the proposed technique. They are not considered here because they do not add any meaningful information on the main dynamical phenomenon investigated in this paper, namely the nonlinear coupling between the axial and the transversal oscillations. In (2.1), EA, GA and EJ are the axial, shear and bending stiffnesses, respectively; ρA is the mass per unit length in the reference configuration; and ρJ is the second moment of inertia of the beam cross section in the reference configuration. All of them are constant in space and time. where the small parameter ε has been introduced to underline that we are studying smallalthough not infinitesimal-displacements and rotations around the rectilinear rest configuration.
Inserting the expressions (3.1) in the governing equations, and equating to zero the coefficients of ε n , we obtain the following sequence of linear problems.
First order
Second order
and
Third order
The first-order terms U 1 (Z, t), W 1 (Z, t) and θ 1 (Z, t) satisfy equations (3.2) . In these equations, the transversal (U 1 and θ 1 ) and axial (W 1 ) displacements are decoupled. Contrary to what has been done in [2] , where we have assumed W 1 = 0, here we consider the solution of all equations. The general solution of (3.2) is given by (3.5) where W and U are the amplitudes of the axial and transversal oscillations, respectively, and ω W0 is the ratio between the axial and transversal frequencies. Inserting (3.5) in (3.2) yields 
and EJGAλ
The coefficients c 1 · · · c 6 , as well as the linear natural (circular) frequencies ω 0 and ω W0 , can be determined by the boundary conditions under consideration. This will be done in §4.
(b) Second-order solution
By inserting the first-order solution (3.5) in the second-order equations (3.3), it is possible to see that the second-order solution is given by
We start by considering the part of the solution that provides secular terms in the governing equations, namely W 2c (Z), U 2a (Z) and θ 2a (Z). The equation for W 2c (Z) is
(3.9)
The solvability condition for (3.9) is given by
For the boundary conditions considered in §4, the previous relations simplify to 
The solvability condition for (3.12) is given by
For the boundary conditions considered in §4, the previous relations simplify to terms, we get ω 1 = 0. This is expected, as it is well known that the nonlinear natural frequency depends on the square of the oscillation amplitude.
Although the condition ω 1 = 0 is obtained for the boundary conditions in §4, it holds for any boundary conditions, owing to the mechanical interpretation just mentioned.
The property ω 1 = 0 entails f 1 = f 2 = f 3 = 0. Thus, equations (3.9) and (3.12) are homogeneous and, without loss of generality, we can assume
We now consider the solution of the non-resonant terms of (3.8). They are given by
where 
The coefficients c 7 · · · c 14 
(c) Third-order solution
By inserting the first-order (3.5) and the second-order (3.8) solutions in the third-order equations (3.4), it is possible to see that the third-order solution is given by
where only the terms providing resonant behaviour are reported. The other terms are useless for this work. Indeed, the third order is needed only to compute the nonlinear frequency correction ω 2 through the solvability conditions. The equation for W 3c (Z) is
with
Similar to (3.10), the solvability condition for (3.19) is given by
Using expression (3.19) 2 , it is not difficult to foresee that (3.21) can be rewritten in the form
where r 1 and r 2 depend on the elastogeometric parameters of the problem. The equations for U 3a (Z) and θ 3a (Z) are
Similar to (3.13), the solvability condition for (3.23) is given by
Using the expressions (3.23) 2, 4 , it is not difficult to foresee that (3.25) can be rewritten in the form
where also r 3 , r 4 and r 5 depend on the elastogeometric parameters of the problem.
(d) Axial-transversal coupled oscillations
According to classical beam theories, and as has been done in [1, 2] , it is useful to introduce the following dimensionless expressions:
is a parameter that measures the shear stiffness (ν is the Poisson coefficient and χ is the shear correction factor); in the following, we assume ν = 0.3 and χ = 6 5 (rectangular cross section), namely z = 0.3205; and (iii) κ h is the dimensionless stiffness of the axial spring at Z = L, to be used later on.
The unique parameters considered in the following are thus l and κ h .
Using (3.27), we get the following dimensionless expression for the frequency: 
are the dimensionless amplitudes of the first-order oscillations (see (3.1) and (3.5)) and where 
(3.34)
Various comments are in order. IfŪ = 0, namely if there are no (first-order) transversal oscillations, (3.30) are satisfied with ω 2 = 0, i.e. there are no nonlinear corrections to the first-order (linear) frequency. This is not surprising. In fact, U = 0 implies U(Z, t) = 0 and θ(Z, t) = 0 (see (3.5) which of course will not be reconsidered.
In fact, we are interested in the possible existence of nonlinear oscillations with bothŪ = 0 and W = 0, i.e. in axial-transversal nonlinear free oscillations. In this case, from (3.30), we get and coupled oscillations do exist. In this case,W is driven byŪ according to (3.40), and we get
It is worth underlining that now, in addition to the coupled oscillation (3.41), the uncoupled oscillation (3.39) withW = 0 also exists, so that, in principle, we have multiple solutions. We conclude this section by highlighting that it is the sign of g 4 that determines the existence or not of axial-transversal coupled oscillations. Clearly, the condition g 4 = 0 is a bifurcation point. 
Boundary conditions
The results obtained up to now are valid for any boundary conditions. However, because the key dimensionless parameters g 1 , g 2 and g 3 depend on the boundary conditions (in addition to the elastogeometric parameters of the beam), it is necessary to choose the type of boundary conditions in order to illustrate the parameters' properties.
In this paper, the same boundary conditions as in [1, 2] , depicted in figure 1 , are considered, (a) First order
The first-order terms of the previous boundary conditions are
Note in particular that (4.2) give
Requiring that the first-order solutions (3.6) satisfy (4.3) yields
and (s h = sL)
Equation (4.5) 1 gives s h and thus, by means of (3.6) 4 ,
The solution of (4.5) 2 is simply given by
and provides, based on (3.7) 1 ,
The functionω 0 (l) is depicted in figure 2a for n = 1 and z = 0.3205. The function ω W0 (l, k h ), on the other hand, is reported in figure 2b for n = 1 and m = 1 (first transversal and axial modes). Note that for decreasing slenderness the axial frequency meaningfully approaches the transversal one, nearly independent of the stiffness value of the boundary spring. 
(b) Second order
The second-order terms of the considered boundary conditions are
9) where in (4.9) 5, 6 use is made of the boundary conditions (4.2) 5,6 at the previous order.
Note that (4.9) give, among others, 14) .
Exploiting the first-order solution (4.4) and the boundary conditions (4.9), we specify the spacedependent part (3.15) of the non-secular terms of the second-order solution (3.8) as follows: 
(c) Third order
The third-order terms of the considered boundary conditions are
(4.12) where in (4.12) 5, 6 use is made of the boundary conditions (4.2) 5, 6 and (4.9) 5, 6 at the previous orders.
Note that (4.12) give
where in (4.13) 2 use is made of (3.5) and (3.8), and where
(4.14)
Equations (4.13) 1,2 together with (4.3) 1,2 allow us to rewrite (3.21) in the form 
namely in the form (3.26) with
Results
Here we illustrate the behaviour of the four dimensionless functions g 1 (l, k h ), g 2 (l, k h ), g 3 (l, k h ) and g 4 (l, k h ), which are shown to determine the nonlinear oscillations of the considered beam. We start with the limit cases k h = 0 (hinged-supported beam) and k h → ∞ (hinged-hinged beam), and we will continue with the hinged-spring beam. Initially, we consider the first transversal mode (figure 2a) and the first axial mode (figure 2b). Higher-order modes are considered in §5f.
(a) Hinged-supported beam
The functions g 1 (l, 0), g 2 (l, 0), g 3 (l, 0) and g 4 (l, 0) are reported in figure 3. The first, and most important, observation is that g 4 is almost everywhere positive, so that coupled oscillations exist, and are the most common behaviour for the hinged-supported beam. There are only narrow regions (five in figure 3 ), around some specific values of l, where there is a singularity of g 4 , where g 4 is negative and the coupled oscillations do not exist (only transversal oscillations are possible here).
We further note that for slender beams, i.e. large values of l, the coupling parameter g 4 rapidly approaches zero. The conclusion is that for moderately and very slender beams the coupling exists but it is small. This is consistent with the axial frequency being much larger than the transversal one (figure 2b), which entitles us to ignore axial oscillations when studying the transversal oscillations of a slender beam, as is usually done in the literature.
On the contrary, for less slender beams (but still well in the realm of practical applications), the coupling exists, and it is important. For example, for l = 20, we have g 4 = 0.171, so that W = 0.414Ū, i.e. the amplitudeW of the axial oscillation has the same order of magnitude as the amplitudeŪ of the transversal oscillation; for l = 10, we have g 4 = 0.608 andW = 0.779Ū, namelȳ W is comparable toŪ.
The second observation is that g 2 is almost everywhere negative, so that the uncoupled nonlinear oscillations of a hinged-supported beam are softening (see equation (3.39) ). Only for l < 10.915, we have that g 2 becomes positive, and the behaviour becomes hardening. The hardening/softening transition for uncoupled nonlinear oscillations is discussed in depth in [2] .
Contrary to g 2 , the parameter g 1 is almost everywhere positive, so that the coupled nonlinear oscillations of a hinged-supported beam are commonly hardening (see equation (3.41) ). Thus, we see that the coupling changes the quality of the oscillations, even when the driven axial oscillations are very small. Evidently, the expected hardening character of the latter prevails over the softening one of the purely transversal oscillation.
The previous property is a very important one because coupled and uncoupled oscillations coexist, and this means that we have both hardening and softening oscillations, each of them reachable from different initial conditions, i.e. each of them with its own basin of attractionassuming that both are stable. This holds also for very slender beams, notwithstanding the 
(b) Hinged-hinged beam
The functions g 1 (l, ∞), g 2 (l, ∞), g 3 (l, ∞) and g 4 (l, ∞) are reported in figure 4 .
Contrary to the hinged-supported case, now the coefficient g 4 is almost everywhere negative. It is positive only for beams with low slenderness, in particular for l < 12.25. Below this value, there is also a singular point, which entails a very narrow interval of negative g 4 .
As has been shown previously [2] , the uncoupled nonlinear oscillations are always hardening, as g 2 is always greater than zero.
The coupled oscillations, on the other hand, can be both hardening and softening in the small l-range where they exist, as shown by the fact that g 1 is both positive and negative for l < 12.25.
Overall, the non-existence of coupled axial-transversal oscillations for moderately and very slender beams confirms the correctness of the assumption of a negligible axial inertia that is usually made in the literature when studying the transversal oscillations of a slender hingedhinged beam (or, more generally, of a beam with immovable axial ends).
(c) Hinged-spring beam
In the previous sections, we have investigated the limit cases k h = 0 (hinged-supported beam) and k h → ∞ (hinged-hinged beam), which exhibit different behaviours with respect to the nonlinear oscillations we investigated. 
The dashed-dotted line corresponds to the limit case k h = 0, whereas the dashed line corresponds to k h → ∞.
The transition from/to these behaviours is obtained by varying k h , which constitutes the goal of this section.
The functions g 1 (10, k h ), g 2 (10, k h ), g 3 (10, k h ) and g 4 (10, k h ) are reported in figure 5 . For this value of slenderness, as in the case of the hinged-supported beam ( §5a), the parameter g 4 is positive for almost all values of k h (there are only two narrow stripes of negative values of g 4 , again close to the singular values of the function), so that coupled motions commonly coexist with uncoupled ones. g 1 and g 2 have different signs for k h > 177.5; here, the coupled oscillations are softening (g 1 < 0), whereas uncoupled ones are hardening (g 2 > 0). For 57.5 < k h < 177.5, both oscillations are hardening, whereas just below k h = 57.5 it is the uncoupled oscillation that is softening and the coupled one that is hardening. Different combinations occur for k h decreasing down to zero.
Increasing the slenderness up to l = 30 (figure 6), the major change observed is due to the different behaviour of g 4 , which is now positive only for k h < 143.1. Above this threshold, g 4 is almost everywhere negative (apart from the usual narrow stripes around the singular points of the function), and thus coupled oscillations do not exist.
Below k h = 143.1, the coefficient g 4 has small values, close to the limit value g 4 = 0.046 for k h = 0, and thus the coupling is modest-although the coexistence of coupled and uncoupled solutions is guaranteed. In this region, g 1 is always positive, and thus coupled oscillations are always hardening. Uncoupled oscillations, on the other hand, can be either hardening (k h > 22.8) or softening (k h < 22.8), the former being much more important from a quantitative point of view.
By further increasing the slenderness, the qualitative behaviour for l = 30 is maintained, as shown by figure 7 
The dashed-dotted line corresponds to the limit case k h = 0, whereas the dashed line corresponds to k h → ∞. From figure 8a , we see that for low values of k h coupled oscillations exist, apart from very narrow 'vertical' stripes, which however are not important from a practical point of view. Coupled oscillations also occur (and are robust) for low slendernesses, say for l < 12.
For large end stiffnesses, and for moderately large slendernesses, on the other hand, coupled oscillations do not exist, again apart from practically unimportant vertical stripes.
The stripes in the lower and upper regions have different behaviours. In fact, while the low stripes survive for k h → 0, as shown in figure 3d, they disappear for k h → ∞, as shown in figure 4d . This is due to a singularity of g 4 .
The conclusion is that the hinged-supported case allows for the existence of the coupled solutions, which are instead inhibited for the hinged-hinged (and slender) beams.
The transition between these two regimes occurs around k h 100, as shown by the zoomed-in region in figure 8b. This figure also highlights the island of non-existence of coupled solutions around l = 15 and k h = 170, which demonstrates the involved nonlinear oscillations scenario.
(e) Behaviour chart
Looking also at the signs of the g 1 and g 2 coefficients, which govern the character of the coupled and uncoupled transversal oscillations, respectively, and summarizing all findings, there are only six different possibilities regarding the nonlinear oscillations behaviour.
(i) g 4 < 0 and g 2 > 0: only uncoupled solutions exist and are hardening (light red in figure 9 ); (ii) g 4 < 0 and g 2 < 0: only uncoupled solutions exist and are softening (dark red in figure 9 ); (iii) g 4 > 0, g 1 > 0 and g 2 > 0: coupled and uncoupled solutions coexist and are both hardening (light green in figure 9 ); (iv) g 4 > 0, g 1 < 0 and g 2 < 0: coupled and uncoupled solutions coexist and are both softening (dark green in figure 9 ); (v) g 4 > 0, g 1 < 0 and g 2 > 0: coupled and uncoupled solutions coexist; the coupled is softening and the uncoupled is hardening (light blue in figure 9 ); (vi) g 4 > 0, g 1 > 0 and g 2 < 0: coupled and uncoupled solutions coexist; the coupled is hardening and the uncoupled is softening (dark blue in figure 9 ).
Actually, in the parameter space (l, k h ), all the previous six cases occur; see figure 9 . The union of the blue and green regions in figure 9a are the 'c' regions in figure 8b , where we have distinguished between the case of the same nonlinear behaviour for the coupled and uncoupled solutions (green) and the case of different nonlinear behaviour (blue).
Light-dark colours correspond to hardening-softening of the uncoupled solutions, which always exist. Apart from the region of low values of both l and k h , the former behaviour occurs mostly for high values of k h (i.e. towards the hinged-hinged case) and low slenderness, along with the coexisting, prevailingly softening (light blue), coupled oscillation. In turn, the latter occurs for very low values of k h (i.e. towards the hinged-supported case) and any slenderness, along with the coexisting, prevailingly hardening (dark blue), coupled oscillation, but the uncoupled oscillation is again hardening (light green) for not too low values of the end spring stiffness. The transition among the regions is involved towards the lower left corner of figure 9a.
The red regions in figure 9a are the 'u' regions in figure 8b . It is worth noting that case (i) (hardening) is largely predominant, whereas case (ii) (softening) occurs only in the very narrow 'u' regions originating from the bottom line k h = 0.
(f) Higher-order modes
To see what happens for higher-order modes, we report in figure 9b-d the remaining behaviour charts for n = {1, 2} and m = {1, 2}, which must be compared with the reference case in figure 9a .
Keeping the first transversal mode, and passing from the first (figure 9a) to the second (figure 9b) axial mode, the same qualitative behaviour is maintained. In particular, it is confirmed that coupled solutions exist for low values of k h and for low values of l, whereas for a slender beam with a stiff spring only uncoupled solutions are possible.
The number-and the width-of the vertical light blue stripes increases, whereas the light green region reduces in magnitude. The transition from hardening to softening of the uncoupled solution (light to dark colours) is almost unchanged. On the contrary, keeping fixed the first axial mode, and increasing the flexural mode (from figure 9a-c) , the nonlinear behaviour changes qualitatively. We note that coupled solutions exist almost everywhere in the region of the parameter space under consideration, as the red regions are of really minor extent. The conclusion is that the coupled second bending mode is more likely to occur than the first one, at least for slender beams with a stiff end spring.
The main transition from hardening to softening of the coexisting uncoupled solution (light to dark blue in figure 9c ) is an almost vertical line around l 45, and it is very different from the mixed transition threshold in figure 9a, which is an almost horizontal low line. Also in this respect, the second mode changes very much the system response.
Finally, we note that for n = 2 and m = 2 (figure 9d) the red regions are vertical stripes, of minor extent, so that we can enforce the conclusion that the second bending mode triggers the existence of the coupled solutions, irrespective of the axial mode under consideration.
The main transition from hardening to softening of the uncoupled solution (light red to dark blue in figure 9d ) is practically coincident with that of figure 9c, so that also with respect to this property the axial mode has a minor influence.
Summarizing, we can say that higher-order flexural modes significantly change the nonlinear response of the beam, whereas the higher-order axial modes have minor influence.
Conclusions and further developments
An asymptotic solution of the PDEs of a planar beam with any slenderness and axial boundary condition has been obtained up to third order, with the aim of studying for the first time, to the best of our knowledge, the coupled axial-transversal nonlinear free oscillations.
An approximation of the amplitude-dependent frequency, the so-called backbone curve, has been obtained analytically, and the nonlinear correction coefficient ω 2 , whose sign governs the hardening (ω 2 > 0) or softening (ω 2 < 0) behaviour, has been determined. The effects of the slenderness l of the beam and of the stiffness κ of the axial end spring have been investigated.
The cases κ = 0 (hinged-supported) and κ → ∞ (hinged-hinged) were studied first, showing the complex alternation of hardening and softening behaviours when varying the slenderness, for both the coupled and the uncoupled oscillations. The effect of κ has also been investigated, and still shows a complex alternation of softening and hardening responses.
It has been shown that, while uncoupled oscillations always exist, coupled oscillations occur only in determined regions of the parameter space, which have been detected. It has also been shown how the addition of the axial oscillation can change the nonlinear behaviour of the formerly uncoupled transverse oscillations from hardening to softening, and vice versa.
Finally, behaviour charts summarizing the classes of response of the system in parameter space have been obtained for the first and the second axial and transversal modes, and show the effects of higher-order modes with respect to the first one, which however remains the most important from a practical point of view.
The following future developments are worthwhile and are expected to give further insight to the addressed topic:
(i) checking the stability of the considered coupled and uncoupled nonlinear oscillations; (ii) performing numerical simulations aimed at cross-checking the theoretical results, similarly to what has been done in [3] ; and (iii) investigating other boundary conditions in the transversal direction. 
